
1. Introduction to Finite Automata: The Brainless 


Machines 

 

Think of a simple vending machine. It has a few states: "waiting for money," "has 5 rupees,"

"has 10 rupees," etc. When you insert a coin (an input), it changes its state. If you reach a state like "has 15 rupees" and press the "Pepsi" button, it gives you a drink. This is the core idea of a Finite Automaton!

A Finite Automaton (FA) or Finite State Machine (FSM) is an abstract computing model. It's "finite" because it has a limited number of states, meaning it has finite memory. It's a simple model of computation, great for recognizing patterns in input data.


Formal Definition of an Automaton 

(Because off course only this will get u marks 😆) 

Mathematically, a finite automaton is a 5-tuple (a collection of five objects): M=(Q,Σ,δ,q0 ,F)

Let's break this down:

● Q: A finite set of states. (e.g., {'waiting', 'coin_in', 'item_dispensed'} for a vending machine).

● Σ (Sigma): A finite set of input symbols, called the alphabet. (e.g., {'5 rupee coin', '10

rupee coin', 'button press'}).

● δ (Delta): The transition function. It's the "rulebook" that tells the machine where to go next. It takes the current state and an input symbol and gives the next state.

● q_0: The initial state or start state. It's the state the machine is in before it sees any input. There's only one start state.

● F: A set of final or accepting states. If the machine ends up in one of these states after reading the entire input, the input is "accepted." It's a subset of Q.

Funny Quirks 🤪: Think of an FA as a goldfish. It only knows what state it's in right now and can't remember the long journey it took to get there. Its entire memory is just its current state!

 


2. Types of Finite Automata 

Finite automata come in two main flavors: the predictable one and the one that likes to explore its options.

A. Deterministic Finite Automata (DFA) 

A DFA is the "control freak" of automata. It's deterministic, meaning for any given state and any input symbol, there is exactly one state it can transition to. There are no choices and no uncertainty.

The transition function for a DFA is:

δ:Q×Σ→Q

This means the function takes a state from Q and a symbol from Σ and maps it to a single state in Q.

 

Example: A DFA that accepts strings ending with 'a' over the alphabet Σ = {a, b} 

 

Let's design this machine.

● It needs to remember if the last symbol it saw was an 'a'.

● Let State A (q_0) be our start state and also the state where the last symbol seen was 'b'

(or we've seen nothing).

● Let State B (q_1) be the state where the last symbol seen was an 'a'. Since this is our goal, we'll make it the final state.

1. Formal Definition: 

● Q=q_0,q_1

● Σ=a,b

● q_0 is the start state.

● F=q_1

● δ is defined below.

2. State Transition Diagram:

Circles represent states. The start state has an arrow pointing to it from nowhere. Final states have a double circle. Arrows between states are transitions, labeled with the input symbol. 3. Transition Table: This is another way to represent the transition function.

Current State                   Input 'a'                         Input 'b'

→ q_0                     q_1                         q_0

* q_1                              q_1                               q_0

(→ indicates start state, * 

indicates final state) 

 

4. How it works (Example walk-through): 

● Input: "baba" 

1. Start at q_0. Read 'b'. Stay at q_0. 2. At q_0. Read 'a'. Go to q_1.

3. At q_1. Read 'b'. Go to q_0.

4. At q_0. Read 'a'. Go to q_1.

5. End of string. We are in state q_1, which is a final state. Result: ACCEPTED! ✅

● Input: "bb" 

1. Start at q_0. Read 'b'. Stay at q_0. 2. At q_0. Read 'b'. Stay at q_0.

3. End of string. We are in state q_0, which is not a final state. Result: REJECTED! ❌

B. Non-deterministic Finite Automata (NFA) 

An NFA is the laid-back cousin of the DFA. It's non-deterministic, which gives it special powers: 1. From a state, on a single input, it can transition to multiple states at the same time.

2. It can have ϵ (epsilon) transitions, which are "free moves" allowing it to change state without consuming any input symbol.

Think of it as exploring multiple parallel universes. If any one of these paths ends in a final state after reading the whole input, the string is accepted.

The transition function for an NFA returns a set of states:

δ:Q×(Σ∪{ϵ})→2Q

Here, 2Q is the power set of Q, meaning the set of all possible subsets of Q.

 

Example: An NFA that accepts strings containing the substring "ab" over Σ = {a, b} 

 

This is easier to design with an NFA.

● Stay in a start state (q_0) as long as you want.

● When you see an 'a', you guess that this might be the start of "ab" and transition to a new state (q_1).

● If the next symbol is 'b', you move to the final state (q_2) and stay there.

1. State Transition Diagram: 

2. Formal Definition: 

● Q=q_0,q_1,q_2

● Σ=a,b

● q_0 is the start state.

● F=q_2

● The transition function can be read from the diagram. For example, δ(q_0,a)=q_0,q_1.

3. How it works (Example walk-through): 

● Input: "cab" 

1. Start at q_0. Read 'c'. (No transition for 'c', let's assume our alphabet is just {a, b} for this example. Let's use input "bab").

● Input: "bab" 

1. Start at q_0. Read 'b'. The only option is to loop back to q_0.

■ Current active states: q_0

2. At q_0. Read 'a'. Now we have a choice! The NFA explores both paths.

■ Path 1: Stays at q_0.

■ Path 2: Moves to q_1.

■ Current active states: q_0,q_1

3. From our active states, read 'b'. 

■ From q_0: on 'b', we go back to q_0. ■ From q_1: on 'b', we go to q_2. ■ Current active states: q_0,q_2

4. End of string. The set of states we are in is q_0,q_2. Since this set contains a final state (q_2), the string is ACCEPTED! ✅

3. NFA vs. DFA: The Equivalence 

 

Key Point: This is one of the most important concepts. Although NFAs seem more powerful and flexible, they are not. For every NFA, there is an equivalent DFA that accepts the exact same language. They have the same computational power.

We can convert any NFA into a DFA using the Subset Construction Algorithm.

IRL Analogy: Imagine you're exploring a new city (the NFA). You can wander down multiple streets at once. Subset construction is like having a friend follow you with a GPS, mapping all the places you could possibly be at any given time onto a single, deterministic map (the DFA). Each spot on the GPS map represents a set of your possible locations.

Subset Construction: Converting NFA to DFA 

 

Let's convert our "contains ab" NFA into a DFA.

1. Start State:

The start state of the DFA is the epsilon-closure of the NFA's start state. The ϵ-closure of a state is the set of all states reachable from it using only ϵ-transitions (including the state itself).

● NFA start state = q_0.

● ϵ-closure(q_0) = {q_0}.

● So, the DFA start state is [{q_0}]. Let's call this state A.

2. Explore Transitions:

Now we build the DFA by seeing where our new DFA states go.

● Current DFA State: A = [{q_0}] 

○ On input 'a': From q_0 in the NFA, we can go to {q_0,q_1}. So, Transition(A, a) =

[{q_0,q_1}]. This is a new DFA state! Let's call it B.

○ On input 'b': From q_0 in the NFA, we can go to {q_0}. So, Transition(A, b) = [{q_0}] =

A.

● Current DFA State: B = [{q_0,q_1}] 

○ On input 'a':

■ From q_0 on 'a' -> {q_0,q_1}. ■ From q_1 on 'a' -> {} (empty set). ■ Union is {q_0,q_1}. So, Transition(B, a) = [{q_0,q_1}] = B.

○ On input 'b':

■ From q_0 on 'b' -> {q_0}.

■ From q_1 on 'b' -> {q_2}.

■ Union is {q_0,q_2}. This is a new DFA state! Let's call it C.

● Current DFA State: C = [{q_0,q_2}] 

○ On input 'a':

■ From q_0 on 'a' -> {q_0,q_1}. ■ From q_2 on 'a' -> {q_2}.

■ Union is {q_0,q_1,q_2}. New DFA state! Let's call it D.

○ On input 'b':

■ From q_0 on 'b' -> {q_0}.

■ From q_2 on 'b' -> {q_2}.

■ Union is {q_0,q_2}. So, Transition(C, b) = [{q_0,q_2}] = C.

● Current DFA State: D = [{q_0,q_1,q_2}] 

○ On input 'a': Union of transitions from {q_0,q_1,q_2} -> {q_0,q_1,q_2}. So, Transition(D, a) = D.

○ On input 'b': Union of transitions from {q_0,q_1,q_2} -> {q_0,q_2}. So, Transition(D, b) = C.

3. Identify Final States:

Any DFA state that contains an NFA final state is a final state in the DFA.

● The NFA final state was q_2.

● Our DFA states containing q_2 are C = [{q_0,q_2}] and D = [{q_0,q_1,q_2}].

● So, the DFA final states are C and D.

4. The Resulting DFA: 

This DFA looks more complicated, but it's deterministic and accepts the exact same language (any string containing "ab").

 

4. Minimization of DFA: Getting Rid of Clones 

 

Why use a 10-state machine when a 4-state one does the same job? DFA minimization is the process of creating an equivalent DFA with the minimum possible number of states. The key idea is to merge indistinguishable states.

Two states are indistinguishable (or equivalent) if, for any input string w, starting from either state and processing w leads to the same outcome (i.e., you either end up in a final state from both, or a non-final state from both).

 

Table-Filling Algorithm (Method of Partitions) 

 

This is the standard algorithm for DFA minimization.

Step 1: Initial Partition (0-Equivalence)

Divide the states into two groups:

● P_0 = {Set of all Final States, Set of all Non-Final States}

Step 2: Refine Partitions (k-Equivalence)

For each group in the current partition, check if all states within it are truly equivalent. Two states p and q in the same group are k-equivalent if for every input symbol a, δ(p, a) and δ(q, a) are in the same group of the (k-1)-equivalence partition. If they are not, split the group.

Step 3: Repeat

Keep repeating Step 2 until you cannot split any more groups. The process has stabilized.

Step 4: Construct the Minimized DFA

Each group in the final partition becomes a single state in the new DFA. The transitions are determined by the transitions of the states within the groups.

 

Example: Minimize the following DFA 

 

Let's assume this DFA accepts strings with an 'a' in the third position from the end.

● Q=q_0,q_1,q_2,q_3,q_4,q_5

● Σ=a,b

● q_0 is start state.

● F=q_3,q_5

Step 1: 0-Equivalence 

● Group 1 (Non-Final): N=q_0,q_1,q_2,q_4

● Group 2 (Final): F=q_3,q_5

● P_0=q_0,q_1,q_2,q_4,q_3,q_5

Step 2: 1-Equivalence

Let's check the groups in P_0.

● Check group F = {q3, q5}: 

○ On input 'a': δ(q_3,a)=q_4∈N, δ(q_5,a)=q_4∈N. (Both go to group N) ○ On input 'b': δ(q_3,b)=q_4∈N, δ(q_5,b)=q_4∈N. (Both go to group N) ○ Since for all inputs, they transition to the same group, q_3 and q_5 are 1-equivalent.

So, q_3,q_5 remains a single group.

● Check group N = {q0, q1, q2, q4}: ○ Let's check where each state goes on input 'a': ■ δ(q_0,a)=q_1∈N

■ δ(q_1,a)=q_3∈F

■ δ(q_2,a)=q_5∈F

■ δ(q_4,a)=q_4∈N

○ Clearly, they go to different groups! We must split.

■ q_0 and q_4 go to group N on 'a'. Let's check them on 'b': ■ δ(q_0,b)=q_2∈N

■ δ(q_4,b)=q_4∈N

■ So, q_0,q_4 is a potential new group.

■ q_1 and q_2 go to group F on 'a'. Let's check them on 'b': ■ δ(q_1,b)=q_2∈N

■ δ(q_2,b)=q_4∈N

■ So, q_1,q_2 is another potential new group.

● Our new partition is P_1=q_0,q_4,q_1,q_2,q_3,q_5 

Step 3: 2-Equivalence

Let's check the groups in P_1.

● Group q_0,q_4: On 'a', both go to q_1,q_4 respectively, which are in different groups of P_1. So we must split!

○ q_0: on 'a' goes to q_1∈q_1,q_2. ○ q_4: on 'a' goes to q_4∈q_0,q_4. ○ This gives us new groups q_0 and q_4.

● Group q_1,q_2:

○ On 'a': δ(q_1,a)=q_3, δ(q_2,a)=q_5. Both go to group q_3,q_5 in P_1. ○ On 'b': δ(q_1,b)=q_2, δ(q_2,b)=q_4. These go to different groups in P_1. We must split! ○ This gives us new groups q_1 and q_2.

● Our new partition is P_2=q_0,q_1,q_2,q_4,q_3,q_5 

Since we can't split any further (except for q_3,q_5 which we already know is stable), this is our final partition.

Step 4: Final Minimized DFA

The equivalent states are q_3,q_5. We merge them. All other states are distinct. The final machine has 5 states instead of 6. Let's call the merged state [q_3q_5].

 

5. Practice Questions & Solutions 

 

Question 1: 

Design a DFA over the alphabet Σ=0,1 that accepts all strings with an even number of 0s and an even number of 1s.

Need to keep track of two things: the parity (even/odd) of 0s and the parity of 1s. This gives us 4 possible states: ● q_0: Even 0s, Even 1s (Start and Final State) ● q_1: Even 0s, Odd 1s

● q_2: Odd 0s, Even 1s

● q_3: Odd 0s, Odd 1s

The logic is simple: if we are in an "Even 0s" state and see a 0, we move to an "Odd 0s" state, and vice versa. The same applies to 1s.

State Transition Diagram: 

● Start State: q_0

● Final State: q_0 (because 0 is an even number) ● Transitions: 

○ From q_0: on 0 go to q_2, on 1 go to q_1.

○ From q_1: on 0 go to q_3, on 1 go to q_0. ○ From q_2: on 0 go to q_0, on 1 go to q_3. ○ From q_3: on 0 go to q_1, on 1 go to q_2.

Question 2: 

What is the primary limitation of Finite Automata?

The primary limitation of Finite Automata is their finite memory. An FA can only remember which state it is currently in. It cannot store an arbitrary amount of information.

This means an FA cannot count indefinitely. For example, it's impossible to build a finite automaton that recognizes the language L=anbn∣n≥1. This language consists of some number of 'a's followed by the same number of 'b's (e.g., ab, aabb, aaabbb, ...).

To recognize this, the machine would have to count the number of 'a's it sees and then check if it sees an equal number of 'b's. Since 'n' can be infinitely large, this would require infinite memory (or infinite states), which contradicts the "finite" in Finite Automata. This limitation is what leads to the study of more powerful models like Pushdown Automata.


