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1. Quick definition (one-line)

An NFA is a 5-tuple A = (Q, Σ, δ, q0, F ) where δ : Q × (Σ ∪ {ε}) → P(Q). An input is accepted if there exists some run (sequence of nondeterministic choices) that consumes the entire input and ends in F.

 

2. Intuition & smart quirks

• NFAs are concise — they let you express union/optional/repetition easily using ε-moves.

• Nondeterminism is a design convenience, not extra power: NFAs =

DFAs in expressive power (both recognize regular languages).

• Converting NFA → DFA uses the subset construction (powerset) and-closure. This can blow up exponentially in the worst case.

• Tip: design small NFA gadgets for regex operators and combine them with -edges (union, concat, Kleene-star).

• Common pitfall: when testing membership, you must consider any run — not just greedy or first match.

 

3. Useful NFA construction patterns (cheat-sheet)

Union L1 ∪ L2 Create a new start s with ε-edges to starts of the two NFAs.

Optionally add a new accept and ε-edges from old accepts.

Concatenation L1L2 Connect every accept of L1 to start of L2 with ε-

edges; accepts of result = accepts of L2.

Kleene star ∗ L New start s and new accept f . ε-edges: s → start(L), s → f , accepts of L → start(L) and accepts of L → f .

Optional L ? Equivalent to L ∪ {ε}: use union with empty-string NFA.
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4. Examples with TikZ diagrams

Example 1 — NFA for    ∗ ( a | b ) abb Language: all strings ending with abb.

a,b

 

start       0            q1            q2             q3 q       a           b           b 

Note: This NFA works because we can stay at q0 via the loop until the suffix abb starts. It’s compact; deterministic version needs more states.

 

Example 2 — NFA for strings containing substring 101 Language: binary strings that contain "101" as a contiguous substring.

0,1

 

start        0         1 p1          p2          p3 p     1         0         1

 

Why NFA helps: you can nondeterministically guess the start of substring and verify it; DFA must remember prefix states.

 

Example 3 — NFA using ε-moves (union gadget) Construct NFA for          n L = n { a b | n = 0} (just a toy showing epsilon wiring for union/option; not context-free—here just illustration of epsilon wiring).

 

start                 a s    ε    ε    b u    f 

(This is schematic — use as a wiring example for union/option patterns.)
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5. Real-life analogies & where NFAs show up

• Regex engines (theoretical): A regex can be compiled into an NFA (Thompson’s construction). Many engines use backtracking (not pure NFA), but the theoretical model matches NFA behavior.

• Protocol matching: detecting packet headers or specific byte sequences — you can nondeterministically guess offset, check pattern.

• Text search tools: simplified substring search can be modeled as NFA that guesses match start.

• Workflow choices: imagine a user can take multiple parallel choices (approve, skip, escalate) — an NFA captures branching choices where some path leads to success.

 

6. Exercises (try first, solutions follow)

1. Design an NFA for L1 = {w ∈ {0, 1 ∗ } | w contains 00 or 11}.

2. Build an NFA for         n m L 2 = { a b | n ≥ 1, m ≥ 0 and n is odd}.

3. Convert the NFA below (provided as description) to an equivalent DFA

using subset construction:

States:                                                 0 {s, q, r } . Start s. Accept { r } . Transitions: s − → {s, q}, s 1           1 − → { s } . q − → {r}. r has no outgoing moves.

4. (Challenging) Design an NFA for binary strings where the number of 1’s

is a multiple of 3 OR the string ends with 01.

 


7. Solutions

Exercise 1 (contains 00 or 11)

Construct two parallel gadgets and union them with ε-start:
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1,0

 

start                   p1           p2 s     ε          0

ε

 

q      1 1     q2

 

0,1

Explanation: The left gadget looks for ‘00‘ (via nondeterministic guess) and right looks for ‘11‘. Union via ε.

Exercise 2 (odd number of a’s then any number of b’s) NFA: Start     a     a                              b q0 − → q 1     q − → 0 (toggle odd/even) q1 − → q1

Accepting state is q1 (odd count). You can implement with loop and a transition to accept region.

Exercise 3 (subset construction)

Start {s}.

•    0                1 {s } − → {s, q }, { s } − → {s}.

•     0                    0                                           1 {s, q } − → {s, q } (since s − → {s, q } and q has no 0), and {s, q } − → {s, r}.

•     0                  1 {s, r } − → {s, q }, { s, r } − → {s}.

• Accepting DFA states are those containing r.

(You can tabulate transitions and draw the DFA states: {s}, {s, q}, {s, r}, {s, q, r}, . . .

— prune unreachable.)

Exercise 4 (multiple-of-3 ones OR ends with 01) Build two NFAs: 1. NFA-A: recognizes “ of 1’s is multiple of 3”: a 3-cycle (0 → 0) where reading ‘1‘ moves through states r0 → r1 → r2 → r0 and accept r0.

2. NFA-B: recognizes strings ending in ‘01‘: a simple gadget that remembers last two chars (use nondeterministic guess).

Take union by ε-linking both starts to a new start. Done.
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8. LaTeX/TikZ: ready-to-use snippets

Below are the most useful snippets you can copy into your LaTeX files:

 

TikZ NFA state snippet:

\begin{tikzpicture}[->, >=Stealth, node distance=22mm, on grid, auto]

\node[state, initial] (q0) {$q_0$}; \node[state] (q1) [right=of q0] {$q_1$}; \node[state, accepting] (q2) [right=of q1] {$q_2$}; \path (q0) edge [loop above] node {a} (q0) (q0) edge node {b} (q1) (q1) edge node {a} (q2); \end{tikzpicture}
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9. Exercises — full worked example (detailed solu-tion for Ex 1)

Design NFA for strings containing ‘00‘ or ‘11‘. One compact automaton:

0,1

 

start                  r0         r00 s    ε         0

ε

 

r      1 1    r11

 

0,1

Check: When the machine guesses an occurrence, it transitions into the gadget that checks the pair.

 


10. Final tips

• When converting NFA to DFA, always compute ε-closure first for each new composite state.

• Use NFAs for specification and quick reasoning; produce DFA only when you must implement a fast matcher.

• Keep filenames simple when you save these notes: NFA-notes.pdf.

 

Want more? I can (if you want) produce:

• A one-page cheatsheet (PNG) extracted from this PDF.

• A set of graded problems with LaTeX solutions (10+ Qs).

• Animated TikZ (beamer) slides demonstrating subset construction step-by-step.
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